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Dual-Stage Adaptive Friction Compensation
for Precise Load Side Position Tracking

of Indirect Drive Mechanisms
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Abstract— This paper investigates the friction compensation of
an indirect drive mechanism in the absence of precise end-effector
position measurement. Unlike direct drive mechanisms, a typical
indirect drive mechanism in the mechanical systems is composed
of an actuator (motor side) and an inertia load (load side/end-
effector), separated by the gear transmission. Friction in the gear
transmission makes the dynamics of the indirect drive mechanism
complicated and the precise position control of the end-effector
challenging. More specifically, when joint compliance exists in the
gear transmission, it is not simple to observe and compensate
for the friction. In this paper, a mathematical model and its
parameter adaptation method are proposed for the estimation
and compensation of the friction in indirect drive mechanisms.
For the ultimate objective of tracking the predefined load side
reference trajectory, we feed back the estimated friction into the
control system by refining the motor side reference trajectory, as
well as by adding a feedforward signal to the control input of the
motor. Both methods (i.e., the torque compensation and the motor
side reference modification) are combined to effectively reject
the friction effects in indirect drive mechanisms. The success of
the two friction compensation methods depends on their effective
integration. For this purpose, a hybrid decision making is adopted
to engage or disengage the load side compensation algorithm
when the task is repetitive. The proposed method is verified by
experimental results on a single-joint indirect drive testbed.

Index Terms— Adaptive observer, friction compensation,
hybrid controller, indirect drive, kinematic Kalman filter.

I. INTRODUCTION

INDIRECT drive mechanisms are commonly used in indus-
trial applications because of the high torque capacity.

Unlike direct drive mechanisms, a typical indirect drive
mechanism in the mechanical systems is composed of an
actuator (motor side) and an inertia load (load side/end-
effector), separated by the gear transmission. These indirect
drive mechanisms may be working by itself alone connecting
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to an end-effector (such as in a machine tool application), or
be connected in a serial and/or parallel train as a multi-joint
robot manipulator with joint elasticity. In terms of control
practice, all these applications share the same fundamental
characteristics at the joint level, where the gear transmissions
set challenges in high precision motion control because of
gear compliances and nonlinearities such as friction and torque
hysteresis by backlash. The dynamic modeling of such indirect
drive mechanisms (or elastic joint robots) was first introduced
in [1] to model the gear compliance as the linear spring ele-
ment for joint torque transmission. More recent works [2], [3]
were performed to demonstrate the nonlinear dynamics in such
systems more completely including the friction, hysteresis, and
backlash. Because of gear compliances and nonlinearities, the
ideal kinematic relationship (e.g., the speed reduction ratio)
between the load side (e.g., the link of an elastic joint or
an end-effector on a machine tool) and the motor side does
not hold. Moreover, since position sensors such as encoders
for motion control are normally installed at the motor side
for better resolution and easy installation, observation of the
actual behavior of the load side is not easy. Particularly, the
friction imposed on the load side is difficult to compensate
for, because: 1) precise load side position measurement is
often unavailable and 2) it is indirectly actuated through the
gear transmission. Nevertheless, the load side performance
is critical in practical applications, and thus a method that
compensates for friction on both the motor side and the load
side is necessary.

Over the past several decades, modeling and compensation
of the friction effects have been intensively studied from
various viewpoints, including static/dynamic characterizations
and feedback/feedforward compensation schemes [4]–[7]. For
example, many model-based friction compensation techniques
have been developed to mitigate the friction effects by adap-
tively [8] or robustly [9] observing the actual friction. Also,
typical approaches, such as the disturbance observer [10] and
the repetitive control [11], [12], have been used to compensate
for friction.

Most of these studies, however, verified their performance
based on simple one-mass systems or direct drives only.
When the dynamic characteristics of indirect drive mecha-
nisms, which appear in most industrial mechanical systems,
are considered, the friction effects introduced from the load
side remain a challenge. Therefore, friction characteristics
in harmonic drive systems, one of the representative elastic
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transmission mechanisms, were studied in [13] and [14]. The
performance and stability issues (e.g., limit cycles) due to
friction forces were addressed in [15]. Some compensation
schemes were proposed to overcome the friction effects in
harmonic drives. Most of them, however, still focused on
the motor side compensation only [14], [16]– [18] or torque
tracking control [19]. For the tip (load side) trajectory tracking,
it has been proposed recently in [20] to use two controllers,
where the friction compensator still only considered motor
side friction, while the joint flexibility was compensated by
a composite controller torque by singular perturbation theory.
In those attempts [20]–[22] to enhance the load side perfor-
mance, the position measurements of both motor side and load
side have been used in the controller design. Such controllers,
however, are difficult to implement in industrial mechanical
systems, which are usually not equipped with sensors for load
side position measurement.

In our previous work [23], a friction compensation scheme
for the indirect drive mechanism was developed in the absence
of position measurement of the load side. The proposed algo-
rithm estimated the friction effects imposed on both the motor
side and the load side by a mathematical model and rejected
them by two methods, that is, the motor torque manipulation
and the motor side reference modification. The successful
integration of these two methods relies on the accomplishment
of suboptimal motor side performance. This suboptimality
can only be determined through some performance measure.
For example, such performance measure is possible when the
task is repeated, which is common in industrial applications.
This scenario was used in [23] and also in this paper to
implement the hybrid decision making for the dual-stage
friction compensation.

However, the load side position estimation algorithm, which
was essential for load side friction compensation, was omitted
in [23]. As discussed above, precise load side position mea-
surement (e.g., load side encoder) is usually not available in
industrial applications because of cost and assembly issues. To
overcome this problem, the inexpensive MEMS (microelectro-
mechanical systems) sensors such as an inertia measurement
unit (IMU)1 that are easy to mount may be considered.
Consideration should be given, however, to problems such
as nonnegligible biases, limited bandwidth, and noises from
low-cost sensors, which set restrictions on the direct usage
of sensor signals. As shown in [25], these problems may be
circumvented by the proper fusion of multiple sensor signals,
such as the signals from the motor encoder and the load side
MEMS gyroscope and accelerometer.

In this paper, the dual-stage friction compensation scheme
in [23] is reviewed with more complete details. The sensor
fusion algorithm by fusing motor encoder and load side
MEMS inertia sensor measurements is formulated for load
side position estimation and friction compensation. The two
compensation stages (i.e., torque compensation and motor
side reference modification) are properly combined using a
hybrid system structure for effective compensation of the

1A representative cost comparison between the encoders and the MEMS
inertia sensors can be found in [24].

Fig. 1. Single-joint indirect drive mechanism.

friction effects. The effectiveness of the proposed method is
verified by experimental results.

II. SYSTEM OVERVIEW

A. Single-Joint Indirect Drive Model

Instead of the sophisticated complete dynamic models pro-
posed in [2] and [3], this paper uses a simpler dynamic model,
which is more tractable for control purpose, with a focus on
the nonlinear friction compensation. Also different from [1],
the gear compliance is modeled as a linear spring and a linear
damping here to capture more subtle joint torque transmission
dynamics. Fig. 1 shows the schematic of a single-joint indirect
drive mechanism. The subscripts m and � denote the motor
side and the load side quantities, respectively. d represents
the viscous damping coefficient, and J is the moment of
inertia. θ and u represent the angular position and motor
torque output, respectively. kr and dr are the stiffness and
the damping coefficients of the gear reducer. The gear ratio
of the reducer is denoted by N . fm , f�, and fh represent
the nonlinear friction forces at the motor side, the load side,
and the reducer, respectively. Note that fm and f� include the
viscous damping effects dm and d�, respectively. These friction
forces are further discussed later.

Equations of motion for the system in Fig. 1 are

Jm θ̈m + fm + fh = u − 1

N

[
kr

(
θm

N
− θ�

)
+ dr

(
θ̇m

N
− θ̇�

)]

(1)

J�θ̈� + f� = kr

(
θm

N
− θ�

)
+ dr

(
θ̇m

N
− θ̇�

)
. (2)

B. Friction Model

In the system shown in Fig. 1, the energy is dissipated
mainly by three friction forces: 1) the motor (wave generator)
bearing friction, fm ; 2) the load output bearing friction, f�; and
3) the gear meshing friction, fh . Although the gear meshing
friction fh is dominant in a free load condition [13], the load
side friction f� can become more significant as the load side
inertia increases. Note that, both the motor side friction fm

and the gear meshing friction fh are functions of the motor
side velocity θ̇m , while the load side friction f� is a function
of the load side velocity θ̇� [13].
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The combination of system model (1)–(2) gives

Jm θ̈m + 1

N
J�θ̈� = u − F (3)

where F = fm + fh + f�/N can be explained as the entire
friction force imposed on the whole system referred to the
motor side.

There are several reasons to model the entire friction force F
as reflected on the motor side. First of all, it is very difficult
and often impossible to identify these frictions separately at
their actual different locations (i.e., motor side, gear, and load
side). It is, however, easier to identify the friction entirely
on the motor side for transmission systems. Second, from
the torque compensation point of view, the friction force is
usually compensated at the motor side where the actuator is.
Therefore, we propose a compromised way to group all the
friction forces together as an entire friction F for modeling and
estimation. This is based on the fact that these friction forces
often exhibit similar behaviors, especially for the motion
periods without velocity reversals.

It is, however, noted that no generic friction models can
still strictly capture the characteristics of the grouped entire
friction F . In this case, we use Lund–Grenoble (LuGre)
model [5] for its ability to capture more dynamic behaviors
and that it has more parameters than the static friction models,
thus providing more degrees of freedom to fit with the entire
friction characteristics. The LuGre model uses an internal
friction state, z, governed by

ż = v − β0|v|
g(v)

z (4)

g(v) = Fc + (Fs − Fc) e
(−v2/v2

s
)

(5)

F = σ0z + σ1 ż + σ2v (6)

where v is the relative velocity between the two contacting
surfaces at the motor side, that is, v = θ̇m . σ0, σ1, and σ2
represent the microstiffness, microdamping of the internal
state z, and the macrodamping of the velocity v, respectively.
The function g(v) is chosen to capture the Stribeck effect,
where FC and FS are the levels of Coulomb friction and
stiction force, respectively. vs is the Stribeck velocity, and the
exponential shape parameter of the Stribeck effect is set as 2,
which follows the common practice in the standard LuGre
model [5], [8]. The internal friction state z can be regarded
as the deflection of bristles, which represents the asperities
between the two contacting surfaces.

In (4), note that an additional parameter, β0, is used to
define the nominal microstiffness of the internal state z, which
differs from the standard LuGre model. This modification will
simplify the adaptive friction compensation algorithm.

Equations (4)–(6) give the entire friction force, F , as

F = K T� (7)

where K = [σ1 + σ2, σ0, β0σ1]T, � = [v, z, −|v|/g(v)z]T.
Notice that the modified LuGre model still preserves the

following property of standard LuGre model [5].
Property 1: Fc ≤ g(v) ≤ Fs . |z(t)| ≤ Fs/β0, ∀t ≥ 0 if

|z(0)| ≤ Fs/β0.

Proof: It is easy to see from (5) that Fc ≤ g(v) ≤ Fs .
Therefore, if z = Fs/β0, then β0|v|/g(v)z ≥ |v|, which leads
to ż = v − β0|v|/g(v)z ≤ 0. Similarly, z = −Fs/β0 leads
to ż = v − β0|v|/g(v)z ≥ 0. Thus, as long as z starts from
|z(0)| ≤ Fs/β0, we have |z(t)| ≤ Fs/β0, ∀t ≥ 0.

Remark 1: Assume the system starts from rest when pow-
ering up, that is, θ̈m(t ≤ 0) = θ̈�(t ≤ 0) = 0 and
u(t ≤ 0) = 0. Then the dynamic model (3) leads to
F(t ≤ 0) = 0. From the friction model (4)–(6),2 we can
conclude that z(t ≤ 0) → 0, which satisfies |z(0)| ≤ Fs/β0.
Therefore, |z(t)| ≤ Fs/β0,∀t ≥ 0. This property will be used
in the subsequent controller design to ensure the bounded
stability of the friction observer.

Remark 2: In practice, friction characteristics may vary
because of the variations of the normal force in contact,
lubricant condition, temperature, material wear, and so on [8].
Variations in the normal force usually cause an impact only
on the static parameters, that is, FC , FS , vs , and σ2, while the
changes in lubricant condition, temperature, and/or materials
may affect both static and dynamic parameters.

Remark 3: If only static friction is considered, that is,
ż = 0, the modified LuGre model is reduced to

F(v) = σ0

β0

[
Fc + (Fs − Fc) e

(−v2/v2
s
)]

sgn(v) + σ2v. (8)

This indicates that, by fixing the nominal microstiffness, β0,
the adaptation of real microstiffness, σ0, effectively changes
the level of static parameters, for example, FC and FS in g(v).
Thus, the adaptation of σ0, σ1, and σ2 can account for most
parameter variations in the modified friction model regardless
of the dynamics for internal state z. Accordingly, K in (7),
which consists of σ0, σ1, and σ2, is chosen to be adapted in
real-time with � as the regressor.

In the case that the load side friction effects are not
negligible, it is necessary to consider the load side friction
separately. Assuming that the load side friction shares the
similar characteristics as the entire friction force, F , a ratio r�

can be introduced to derive the load side friction f� from F ,
that is

f� = r� F. (9)

This assumption is reasonable in most cases, especially when
the motor is spinning in one direction.3 The transient behav-
ior during the velocity reversal may not strictly follow the
assumption. This velocity reversal case, however, is not of
major interest in most mid-to-high-speed applications since the
transient time is usually sufficiently short (to be negligible).

2 F(t ≤ 0) = 0, v(t ≤ 0) = θ̇m (t ≤ 0) = 0 �⇒ ż(t ≤ 0) = −σ0/σ1z(t ≤
0) �⇒ z(t ≤ 0) → 0.

3For one directional spinning or mid-to-high-speed applications, the “tradi-
tional” friction compensation is normally not a problem since the feedback
controller may be able to compensate for the Coulomb friction and viscous
damping at the steady state. This in fact corresponds to the motor side friction
compensation introduced later. However, as shown later in the experiments,
this load side friction causes the offset in the load side position tracking error,
which cannot be removed by the feedback controller (with motor side friction
compensation) only, even in the one-directional spinning or mid-to-high-speed
applications. Therefore, the load side friction compensation is still necessary
in a nontraditional sense by modifying the motor side reference trajectory in
such applications, where this load side friction modeling is mostly valid.
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Fig. 2. Block diagram of the overall control system.

C. Controller Structure

Fig. 2 shows the overall control structure of the single-joint
indirect drive mechanism, where P denotes the system plant
with the measurable outputs as the motor side position θm , load
side velocity θ̇�, and load side acceleration θ̈� (i.e., assume
that the system is equipped with motor encoder, load side
gyroscope, and load side accelerometer). The proposed control
structure has two nested loops. The inner loop (i.e., feed-
forward controller F2 and feedback controller C f b) uses the
motor torque u as the control to the plant to achieve motor side
tracking, which is the common practice in industrial applica-
tions. The joint flexibility of the indirect drive mechanism is
addressed in the outer loop (i.e., feedforward controller F1),
which uses the motor side reference θmd as the control to the
inner loop to achieve the ultimate objective, that is, load side
tracking. Additionally, the state estimator, kinematic Kalman
filter (KKF), and the friction observer, FO, are constructed
in the following sections to provide necessary estimates for
control use.

Here the state estimator KKF denotes the kinematic Kalman
filter method to estimate the load side position θ�, while the
friction observer FO adaptively estimates the entire friction F
and the load side friction f� to be used in the feedforward
controllers F2 and F1. The feedforward controller, F2, is
designed from (3) as

u f f (t) = Jm θ̈md (t) + 1

N
J�θ̈�d (t) + F̂ (t) (10)

where F̂ is the estimated entire friction force. θ̈�d is the desired
load side acceleration. In the case where the acceleration is
measured by a sensor (e.g., load side accelerometer), θ̈�d can
be replaced with θ̈�. θmd is the motor side position reference
generated by F1 from the desired load side position, θ�d , that is

θmd (t) = N

kr
[J�θ̈�d (t) + f̂� (t)] + Nθ�d (t) (11)

where f̂� is the estimated load side friction. Equation (11) is
derived from (2) by neglecting the joint damping dr , since
kr (θm/N − θ�) � dr

(
θ̇m/N − θ̇�

)
usually holds within the

system bandwidth. Note that (11) provides a control degree of
freedom by modifying the motor side reference trajectory θmd ,
while the desired load side reference trajectory θ�d is often
predefined and fixed for the real-time control practice.

The feedback controller, C f b, is a modified PID controller
described as

C f b (s) =
(

kv + ki

s

) (
s + k p

)
(12)

where kp is the proportional gain of the position loop,
kv and ki are the proportional-integral (PI) gains of the velocity
loop. s is the complex variable in the Laplace domain. Note
that s in the second parentheses is to generate the velocity
error for the velocity loop. The above controller is discretized
by the Euler method for implementation.

III. FRICTION COMPENSATION

As shown in the controller structure (10)–(11), the proposed
friction compensator consists of two parts. The motor side
friction compensation is designed in the feedforward controller
F2 by injecting the torque input as in (10), and the load side
friction effects are further compensated in the feedforward
controller F1 by manipulating the motor side reference, θmd ,
as in (11).

A. Motor Side Friction Compensation

1) Feedback Friction Compensation: Let em = θm − θmd

be the motor side position tracking error. Define a first-order
sliding surface, pm , as

pm = ėm + ksem (13)

where ks is a positive constant. Note that em is small or
converges to zero if pm is small or converges to zero, since
em(s)/pm(s) = 1/(s + ks) is asymptotically stable.

From (3) and (13), the motor side error dynamics is
derived as

Jm ṗm = u − F − 1

N
J�θ̈� − Jm θ̈md + Jmksėm . (14)

The controller structure yields the following control law:
u(t) = u f f (t) + u f b(t)

=
[

Jm θ̈md(t) + 1

N
J�θ̈�d(t) + F̂(t)

]

−
[

kvsm(t) +
∫ t

0
ki sm(τ )dτ

]
(15)

where sm(t) = ėm(t)+kpem(t) is the error term in the velocity
loop.

By applying the adaptive control technique, an adaptive
friction observer is designed to obtain F̂(t) as

F̂ = K̂ T�̂ (16)

where �̂ = [θ̇m, ẑ0, −|θ̇m |/g(θ̇m)ẑ1]T. K̂ , ẑ0, and ẑ1 are the
estimates obtained from the following update laws:

˙̂K = −��̂pm (17)

˙̂z0 = θ̇m − β0|θ̇m |
g(θ̇m)

ẑ0 − γ3 pm (18)

˙̂z1 = θ̇m − β0|θ̇m |
g(θ̇m)

ẑ1 + γ4
|θ̇m |

g(θ̇m)
pm (19)

where � = diag (γ0, γ1, γ2), γ3 and γ4 are positive adaptation
gains. Notice that the unmeasurable internal friction state z
is estimated by a dual-observer structure [26] with two state
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estimates, ẑ0 and ẑ1. Equations (18) and (19) result in the
following observer error dynamics:

˙̃z0 = −β0|θ̇m |
g(θ̇m)

z̃0 + γ3 pm (20)

˙̃z1 = −β0|θ̇m |
g(θ̇m)

z̃1 − γ4
|θ̇m |

g(θ̇m)
pm (21)

where z̃0 = z − ẑ0 and z̃1 = z − ẑ1 are the estimation errors
of the same internal state z.

2) Stability Analysis: The following theorem proves the sta-
bility of the closed-loop system under additional assumptions
as stated therein.

Theorem 1: For the system model described by (1)–(6),
global asymptotic tracking performance on the motor side can
be achieved by the proposed controller in (10)–(12) and the
adaptive friction observer in (16)–(19), if the integrator term
of the feedback controller, C f b, is suppressed, that is, ki = 0,
and the real load side acceleration measurement, θ̈�, is used
in (10).

Proof: Suppose that the feedback controller gains are

kp = hks

Jmks + h
, kv = Jmks + h (22)

where h is a positive constant. By the assumption in the
theorem, ki = 0. Then the control law in (15) reduces to

u =
(

Jm θ̈md + 1

N
J�θ̈�d + F̂

)
− (Jmksėm + hpm). (23)

From (14) and (23), the control law results in the following
closed loop dynamics:

Jm ṗm = −hpm − J�

N
(θ̈� − θ̈�d) − (F − F̂)

= −hpm − J�

N
ë� − K̃ T�̂ − K T�̃ (24)

where ë� = θ̈�−θ̈�d is the load side acceleration tracking error,
K̃ = K − K̂ and �̃ = � − �̂ are the estimation errors.

Let a Lyapunov function candidate for the system be

V = 1

2
Jm p2

m + 1

2
K̃ Tdiag(γ0, γ1, γ2)

−1 K̃ + 1

2γ3
k1z̃2

0

+ 1

2γ4
k2 z̃2

1 (25)

where k1 = σ0 and k2 = β0σ1 are the last two entries in K .
In most applications, it is reasonable to assume that the

actual friction parameters, K = [σ1 + σ2, σ0, β0σ1]T, are
unknown but constant. It follows that K̇ = 0 and ˙̃K = − ˙̂K .
Therefore, differentiating V in (25) and substituting the update
laws from (17)–(19), the derivative of V is obtained as

V̇ = −hp2
m − J�

N
pmë� − k1

γ3

β0|θ̇m |
g(θ̇m)

z̃2
0 − k2

γ4

β0|θ̇m |
g(θ̇m)

z̃2
1. .(26)

Recall that h is a positive constant. Thus, every term on
the right hand side of (26), except for the second term, is
negative semidefinite. Moreover, if the load side acceleration

is measured by sensors (i.e., θ̈�d is replaced with θ̈� in u f f

in (10)), the second term becomes zero. It follows that:

V̇ = −hp2
m − k1

γ3

β0|θ̇m |
g(θ̇m)

z̃2
0 − k2

γ4

β0|θ̇m |
g(θ̇m)

z̃2
1 ≤ −hp2

m. (27)

From Lyapunov stability theory [27], it is concluded that
the motor side tracking error, pm , the friction parameter
estimation error, K̃ , and the internal friction state estimation
errors, z̃0 and z̃1, are globally uniformly bounded. Since the
actual friction parameters K are assumed to be constant during
one trajectory task, and actual internal friction state, z, is
bounded as shown in Property 1, it follows that the esti-
mates, K̂ , ẑ0, and ẑ1, are globally uniformly bounded as
well. In addition, the actual motor side position and velocity,
θm and θ̇m , are globally uniformly bounded, since pm is
globally uniformly bounded, and the generated motor side
reference θmd is bounded by the characteristics of the feedfor-
ward controller, F1. With all these bounded variables, it can
be shown that V̈ is also bounded. Then by Barbalat’s lemma,
(25) and (27) imply that V̇ → 0 (i.e., pm → 0) as t → ∞.
Therefore, the motor side tracking error em = 1/(s + ks)pm

asymptotically converges to zero.
Remark 4: The proposed motor side friction compensa-

tion is in a framework of model reference adaptive control
[27], [28]. The foregoing theorem shows that this scheme
can achieve the asymptotic motor side tracking performance
while the parameter estimation errors are globally uniformly
bounded. In practice, we often do not need accurate parameter
identification which requires the trajectory to be persistently
exciting. Instead, we are mainly interested in reducing the
tracking error for any general trajectory including the uniform
periodic trajectory used later for experiments.

Remark 5: The preceding theorem provides a sufficient
condition to achieve global asymptotic tracking performance
on the motor side. Two assumptions were introduced to
theoretically guarantee the stability of the proposed method.
These assumptions, however, may be relaxed without jeopar-
dizing the closed loop stability of the system in practice. The
relaxation is demonstrated in the experiments with preserved
integrator in C f b to maintain the basic feedback controller
structure (i.e., ki 
= 0). Also, the desired reference θ̈�d is used
in (10) instead of the real measurement θ̈� to decrease the
dependence on the load side sensors.

3) Feedforward Friction Compensation: The above fric-
tion compensation scheme is in the feedback form, since
the actual physical measurements are used in the regressor
estimate, �̂. When doing tracking control, feedforward control
often improves the performance in the sense that it allows
anticausal terms in the controller. It recovers the limitation of
feedback controller due to the dynamic lag of the plant [6].
Recall that the feedback controller must see an error first
before it can take any corrective action. In particular, this
limitation affects the performance during the quick direction
reversals of Coulomb friction force.

By replacing the measurements in the friction observer
regressor �̂ with corresponding trajectory references, and
excluding the motor side error term, pm , a feedforward version
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of the regressor, �̂d , is obtained as

�̂d =
[
θ̇md , ẑd , − |θ̇md |

g(θ̇md)
ẑd

]T
(28)

˙̂zd = θ̇md − β0|θ̇md |
g(θ̇md)

ẑd . (29)

In this form, the dual estimations of internal friction state z
are replaced by single desired (nominal) internal state ẑd as
in (29). Furthermore, the friction observer structure is simpli-
fied by reducing the number of adaptive variables from 5 to 3,
and the noises and disturbances from feedback measurements
are also avoided.

B. Load Side Friction Compensation

Because of the characteristics of indirect drive mechanisms,
perfect tracking performance on the motor side does not guar-
antee perfect load side tracking performance. Since the load
side performance is of most interest in practical applications,
friction compensation should also be considered on the load
side in the way of modifying motor side reference trajectory as
in (11), where the load side friction f� is adaptively estimated
as follows.

In (9), the load side friction, f�, is modeled as a scaled
quantity of the entire friction force, F . Thus, once friction
parameters are adapted successfully on the motor side, the
load side friction f� can be estimated as

f̂� = r̂� F̂ (30)

where F̂ is the estimated entire friction force from the motor
side friction compensator and r̂� is the estimated scaling factor
obtained by the following update laws:

˙̂r� = −γr� F̂ ê�, ê� = θ̂� − θ�d (31)

where γr� > 0 is the adaptation gain and θ̂� is the load side
position estimated by the KKF scheme detailed later.

Remark 6: The adaptation law (31) is an ad hoc controller
law. The mathematical derivation and stability proof rely on
many assumptions to help simply the problem and thus are of
little significance. However, the intuition behind this ad hoc
law can be easily conveyed. From (30) to (31), we can get the
time derivative of the load side friction estimate as
˙̂f�(τ ) = ˙̂r�(τ )F̂(τ ) + r̂�(τ )

˙̂F(τ )

= −γr� F̂2(τ )ê�(τ )+
(
r̂�(0)−

∫ τ

0
γr� F̂(ε)ê�(ε)dε

) ˙̂F(τ ).

(32)

Thus, by integration, the load side friction estimate becomes

f̂�(t) = f̂�(0) +
∫ t

0

˙̂f�(τ )dτ

= f̂�(0) +
∫ t

0

[
−γr� F̂2(τ )ê�(τ )

+
(
r̂�(0)−

∫ τ

0
γr� F̂(ε)ê�(ε)dε

) ˙̂F(τ )

]
dτ

(33)

where ê� = θ̂�−θ�d is the estimated load side position tracking
error. This friction estimate (33) is fed back as in (11) into

Fig. 3. Hybrid compensator structure.

the motor side reference θmd , which serves as the control of
the outer loop for load side tracking. Therefore, this load side
friction compensation becomes essentially an integral feedback
of load side tracking error ê�.

Remark 7: As seen from (11), the joint stiffness kr may
affect the load side friction compensation. In practice, this
stiffness constant is normally given in the reducer specifica-
tion, and can also be identified through system identification.

Even if this stiffness constant is not accurately known to the
controller, the proposed compensator mechanism is still able
to effectively improve load side tracking through the adaptive
estimate of the load side friction. As it is shown above that
the load side friction compensation is essentially an integral
feedback of load side position error ê�, the joint stiffness
constant kr will affect such feedback performance as a part
of the integral gain. This effect, however, can be offset by the
tuning of the adaptation gain γr� .

C. Hybrid Compensator Structure

Note that in (11), the load side friction estimate, f̂�,
is injected into the motor side reference, θmd . Thus, it is
desired that the compensated reference is still smooth and
differentiable, since the motor side velocity reference, θ̇md , is
needed in the feedback controller, C f b. To ensure this, the load
side compensation should be activated only when the friction
parameters in the motor side compensator have converged to
some suboptimal values and then set fixed [i.e., � = 0, which
means the adaptation law (17) is disabled].

As discussed in the introduction, the convergence of motor
side compensation performance can only be checked by some
performance measure. Such performance measure is possible
in industrial applications, where the same task is usually
executed repeatedly. Define ‖�̃m,k‖2 as the two-norm of the
motor side position tracking error in the kth execution of the
same task, that is

‖�̃m,k‖2 =
(

n∑
i=1

|θm,k(i) − θmd(i)|2
) 1

2

(34)

where i is the time index and n defines the duration of each
execution.

Therefore, the above compensation activation logic can be
formalized by the hybrid compensator structure shown in
Fig. 3. q0 and q1 are the two discrete controller states. The
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controller starts from the state q0, where the adaptive motor
side compensator is activated, and the load side compensator
is disabled (i.e., f̂� = 0).

If ‖�̃m,k+1‖2/‖�̃m,k‖2 ∈ (δ, δ̄), where (δ, δ̄) is the conver-
gence boundary (e.g., δ and δ̄ are positive numbers very close
to 1), the compensator scheme is switched to the state q1.
This means that the friction adaptation in the motor side
compensator has reached its suboptimal stage, and cannot
significantly improve the motor side tracking performance.
At this stage q1, the load side compensator is enabled while
the friction parameters in the motor side compensator are fixed
(i.e., � = 0).

If ‖�̃m,k+1‖2/‖�̃m,k‖2 /∈ (δ, δ̄), this indicates that the
motor side tracking performance can be further improved
by adapting the parameters in the motor side compensator.
Thus, the compensator scheme is switched back to the initial
state q0.

Remark 8: Note that although our ultimate objective is to
enhance the load side tracking performance by friction com-
pensation, the motor side friction compensation is still neces-
sary and of significance for two reasons. First of all, as seen
from friction modeling, the load side friction is approximated
as a proportional term of the entire friction, which can be
identified more easily from the motor side with more sensing
information available. Secondly, as seen from (10), once this
entire friction is estimated, it can be readily compensated
for from the motor side where the actuator is. The motor
side compensation performance in turn provides a metric to
check whether the friction estimation is ready for the load side
friction compensation (as seen from the hybrid compensator
structure). Therefore, the load side friction compensation,
which is related to our ultimate objective, is greatly relying
on the success of motor side friction compensation.

IV. KINEMATIC KALMAN FILTER

Note that the load side position information is essen-
tial in the load side friction estimation and compensation
(30)–(31). This section presents the KKF to estimate the
load side position by fusing the signals from the available
motor encoder and economic load side MEMS gyroscope and
accelerometer.

A. Model for Measurement Dynamics

The bias and the noise in the sensor output are described as

ḃ (t) = nb (t) (35a)

ys (t) = y (t) + b (t) + ns (t) (35b)

where b is the bias of the sensor output varying with the
fictitious noise nb and ys is the sensor measurement for the
actual physical quantity y with the measurement noise ns .

B. System Kinematic Model

The kinematic model from the acceleration to the position
on the load side can be written as

d

dt

[
θ�(t)
θ̇�(t)

]
=

[
0 1
0 0

] [
θ�(t)
θ̇�(t)

]
+

[
0
1

]
θ̈�(t). (36)

The Kalman filter based on the kinematic model (36) is
called the KKF [29]. In KKF, the acceleration is used as an
input to the filter, and the position measurement is used to
correct the estimation output.

Here, an original but intuitive method is proposed to approx-
imate the load side position measurement. Let Gm2l (s) be the
transfer function from the motor side position θm to the load
side position θ�, that is

Gm2l (s) � θ� (s)

θm (s)
= dr s + kr

N[J�s2 + (dr + d�)s + kr ] (37)

by the inherent system dynamics (1)–(2). Thus, Gm2l (s) is
approximately zero-phase static gain at the low-frequency
region, since the dynamic chain from θm to θ� is modeled by
mass, gear, spring, and damper. Therefore, the low-frequency
component of θ� can be approximated by that of θm .

Pass θm and θ� through a first-order low-pass filter G f (s) =
α/(s + α), where α is the filter bandwidth to be designed.
Denote the filter outputs as θm f and θ� f , respectively. It follows
that:

θ̇m f = −αθm f + αθm (38a)

θ̇� f = −αθ� f + αθ�. (38b)

The above analysis shows that, if α is chosen properly (e.g.,
less than the bandwidth of Gm2l (s)), the filter outputs will
have the following relation:

θ� f ≈ 1

N
θm f . (39)

The filter dynamics (38) and the measurement dynamics
(35) can be added into the system kinematic model (36), giving

ẋk(t) = Ak xk(t) + Bk,u θ̈�,s(t) + Bk,wwk(t) (40a)

yk(t) = Ck xk(t) + vk(t) (40b)

where

xk = [θ� f θ� θ̇� − ba bv ]T

yk = [θ� f,s θ̇�,s]T

wk = [−na� −nba nbv ]T

vk = [n� f nv�]T

Ak =

⎡
⎢⎢⎣

−α α 0 0
00 0 1 0

0 0 0 1
0 0

⎤
⎥⎥⎦

Bk,u = [0 0 1 0 0]T

Bk,w = [ 0 | I3 ]T

Ck =
[

1 0 0 0 0
0 0 1 0 1

]

where the subscripts a and v indicate the load side accelerom-
eter and gyroscope quantities, respectively. •s is the sensor
measurement of the actual quantity •, b• is the bias of the
sensor output •, and nb• is the fictitious noise for the bias b•,
as shown in (35). na� and nv� are the measurement noises of
the load side acceleration, θ̈�, and the load side velocity, θ̇�,
respectively. n� f is the fictitious noise of the filtered load
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Fig. 4. Single-joint indirect drive testbed (the harmonic drive introduces
friction and a mismatch between the positions of the motor and the payload).

side position, θ� f , and In is an n × n identity matrix. By the
approximation in (39), 1/Nθm f,s = 1/NG f (s)θm,s(s) can be
used as the fictitious measurement for the model output θ� f,s .

C. Kalman Filtering

The discrete time form of the extended system model (40)
can be obtained by the zero-order-hold (ZOH) method. The
standard Kalman filter can be formulated based on this discrete
time model to estimate the load side position.

Remark 9: The KKF has several advantages compared with
the dynamic model-based Kalman filter [30]. First, system
representation using kinematic model is simpler than the one
using dynamic model. Second, the kinematic model is an
exact representation of the system states. It involves neither
dynamic parameters nor external disturbances. Thus no model
uncertainties need to be considered in the KKF.

Remark 10: In the proposed Kalman filter, the bias noises
(nba and nbv ) and the output θ� f,s , are fictitious. Thus, their
covariances cannot be physically identified. These fictitious
noise covariances could be the design parameters for tuning the
Kalman filter. Alternatively, to better handle the uncertainties
in these covariances, the adaptive approach developed in [25],
which uses the residual information to estimate the noise
covariances, can be applied here.

V. EXPERIMENTAL RESULT

A. Experimental Setup

The proposed friction compensation method is applied to
a single-joint indirect drive testbed shown in Fig. 4. The
experimental setup consists of: 1) a servo motor with a 20 000
counts/revolution encoder; 2) a harmonic drive with a 80:1
gear ratio; 3) a load-side 144 000 counts/revolution encoder;
and 4) a payload. The antiresonant and resonant frequencies
of the setup are about 11 and 19 Hz. A MEMS gyroscope
(Analog Device, Type: ADXRS150) is installed at one end of
the payload and two accelerometers (Kistler, Type: 8330A3)
are installed at the ends of the payload symmetrically as shown
in Fig. 4. The load side encoder is only for performance
evaluation. Also, the accelerometers and gyroscope are only
for load side position estimation rather than direct control use,
for example, θ̈�d is used in (10) (one relaxation of Theorem 1).

Fig. 5. Static friction identification result (equivalent load side velocity range:
−0.5 to 0.5 rad/s.)

It is shown in the experiments that this does not practically
influence the stability. Finally, the controller is implemented in
a LabVIEW real-time target installed with LabVIEW real-time
and FPGA modules. The sampling rate is selected as 1 kHz.

B. Friction Identification

Friction identification is conducted to set initial values in
the adaptive friction observer. The friction regime of gross
motion between surfaces is characterized by ż = 0, θ̈m = 0,
and θ̈� = 0 [7]. Thus, the model in (1)–(6) is reduced to

u = F(θ̇m) = [
Fc + (Fs − Fc)e

(−θ̇2
m/v2

s )
]
sgn(θ̇m) + σ2θ̇m .

(41)

This nonlinear function properly describes a static velocity-
torque (friction force) characteristic, as shown in Fig. 5.

Each point in Fig. 5 is obtained by keeping the motor
side velocity constant for the same amount of distance in
a closed-loop manner. The average value of the steady-state
torque (friction force F(θ̇m)) at the corresponding velocity
is recorded. The experiment is repeated at various velocities
for the same path to obtain the whole static velocity-torque
map. The nonlinear least squares method in the Optimization
Toolbox of MATLAB is applied to obtain the static friction
parameters, FC , FS , vs , and σ2. As shown in Fig. 5, the
static friction model with these identified parameters closely
captures the static friction map, including the exponential
shape of the Stribeck effect.

It is shown in [7] that the dynamic parameters, σ0 and
σ1, can be identified using an ARX (AutoRegressive with
eXogenous input signal) or a BJ (Box Jenkins) model structure
with presliding motion data. The resolution of the motor
encoder, however, limits the implementation of this method.
Thus, the method in [8] is employed here to obtain the rough
estimate of σ0, which gives σ̂0 = 33.34 Nm · rad−1 when using
ramp input response data, and σ̂0 = 57.03 Nm · rad−1 for step
input response data, respectively. Note that, the identification
of σ1 is still not available owing to the lack of a high-resolution
encoder. Thus, for simplicity, it is set that σ̂0 = 40 Nm · rad−1
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TABLE I

IDENTIFIED FRICTION PARAMETERS (SI UNITS)

Fig. 6. Desired load side trajectory.

and σ̂1 = 0 Nm · rad−1 · s. All the identified parameters are
listed in Table I.

C. Motor Side Friction Compensation

Fig. 6 shows the desired load side trajectory in this exper-
iment, which is designed as a fourth-order time optimal
trajectory suggested in [31].

1) Feedback Friction Compensation: To show the effec-
tiveness of proposed adaptive algorithm, the estimates of
friction parameters were initialized to half of the identified
values. The feedback controller gains are set as k p = 30,
kv = 0.3, and ki = 1.0 (one relaxation of Theorem 1).
The adaptation gains in the feedback adaptive friction
compensator (FB-A) are selected as [γ0, γ1, γ2, γ3, γ4] =
[0.001, 50 000, 0, 0.01, 0.001].4 For comparison, a feedfor-
ward Coulomb friction compensator (FF-C) is designed, that
is, F̂ = F̂csgn(θ̇md), using the same initial guess, F̂C .

Fig. 7 shows the motor side and the load side tracking per-
formance of these compensators. It is clearly seen that, motor
side tracking performance is significantly improved by the
FB-A method, converging to a suboptimal stage in about three
executions. The load side performance is slightly improved
with reduced peak error. Let ‖�̃�‖2, ‖�̃�‖∞, ‖�̃m‖2, and
‖�̃m‖∞ denote the two-norms and ∞-norms of the load
side and the motor side position errors in the last repeated
execution, respectively. Table II shows the performance indices
improved by these algorithms compared to the case without
compensation (No-Comp.)

Fig. 8 shows the friction estimates by FB-A, where F̂ is fully
adapted in about three executions. Fig. 9 shows the friction
parameter adaptation process. Note that, the converged values

4The lack of a high resolution encoder limits the identification and adapta-
tion for β0σ1. Thus, this adaptation is turned off with γ2 = 0. This, however,
does not indicate the friction dynamics is not important here. Note that, we
actually only disable the adaptation of k2 = β0σ1, while the partial effect
of σ1 is still included into the adaptation of k0 = σ1 + σ2. Therefore, the
friction dynamics is (partially) addressed and compensated in this case, where
the testing trajectory is low speed and has several velocity reversal periods
for checking the dynamic transient response.

Fig. 7. Performance of the motor side compensators. (a) Motor side
position tracking error. (b) Load side position tracking error. (No-Comp.
[black-dot]: without friction compensator; FF-C [gray-solid]: feedforward
Coulomb friction compensator; FB-A [black-solid]: feedback adaptive friction
compensator at motor side only.)

TABLE II

IMPROVEMENTS COMPARED WITH THE No-Comp. CASE

Fig. 8. Friction estimates by FB-A observer.

are not exactly twice the initial values. This is first because the
identified nominal values may not be exactly the actual values.
Secondly, as discussed in Theorem 1, the motor side friction
compensation aims at reducing the motor side tracking error
rather than accurate parameter estimation, especially for the
non-persistently exciting trajectory used here. Also the friction
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Fig. 9. Friction parameter estimations.

Fig. 10. Load side actual and estimated position tracking error.

model structure is modified to adapt only three parameters.
Besides, k̂2 is kept zero since σ̂1 = 0 and γ2 = 0.

2) Feedforward Friction Compensation: The modification
of the proposed adaptive friction observer from the feedback
form to the feedforward form is also applied in the experiment.
The same controller gains, kp , kv , and ki , and adaptation gains,
γ0, γ1, and γ2, from FB-A, are used in the feedforward com-
pensator (FF-A). Table II shows that FF-A slightly improves
the performance of FB-A.

The motor side compensation result (e.g., Fig. 7) shows that,
even if the motor side performance is significantly improved,
little improvement can be observed at the load side. In Fig. 7,
the oscillation in the load side position tracking error is mainly
due to the transmission error [32], while the offset in the
tracking error is due to the load side friction effects explained
by (11). This indicates the necessity to implement the load
side friction compensation.

D. Load Side Position Estimation

To implement the load side friction compensation, the
load side position estimation method (i.e., KKF) needs to be
applied first.

Fig. 11. Performance of the hybrid compensator. (a) Motor side position
tracking error. (b) Load side position tracking error. (No-Comp. [black-dot]:
without friction compensator; FF-A [gray-solid]: feedforward adaptive friction
compensator at motor side only; Hybrid [black-solid]: hybrid compensator at
the state q1.)

Fig. 10 shows the actual and the estimated tracking errors
of the load side position in the No-Comp. experiment. It shows
that the tracking error estimated by KKF captures most trends
(especially the offset) of the actual tracking error.5 Therefore,
KKF can provide effective load side position estimation for
the load side friction compensation scheme.

E. Load Side Friction Compensation

Now the load side friction compensation is enabled with
the proposed hybrid scheme. To show the effectiveness of the
proposed load side compensation algorithm, r̂� was initialized
to 1.0N where N is the reducer gear ratio. Fig. 11 shows
the performance of friction compensator enabled on both the
motor side and the load side (Hybrid), that is, the state q1 in
Fig. 3. It shows that the load side position tracking error offset
is significantly reduced6 by the hybrid compensator scheme
(Hybrid) in less than one execution, while the motor side

5The minor oscillatory error not estimated by KKF is mainly due to the
transmission error effect which is not considered in the estimation algorithm.

6The transient performance is also significantly improved at the velocity
reversals, where the load side friction modeling may not be strictly valid.
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Fig. 12. Load side friction estimates.

tracking performance is maintained at about the same level.
This is also confirmed by the performance indices in Table II.
The convergence of the estimated friction ratio r̂� and the
estimated load side friction f̂� is shown in Fig. 12.

VI. CONCLUSION

To improve the load side tracking performance, we have
investigated the friction compensation in indirect drive mecha-
nisms by separating the problem into two parts, that is, motor
side and load side. The motor side compensator employed
the idea of torque compensation using an adaptive friction
observer based on the modified LuGre model, while the load
side compensator was implemented by injecting the load side
friction estimate into the generated motor side reference.
A hybrid compensator scheme was proposed to engage or
disengage the load side compensator. Because of the lack
of load side position measurement, a sensor fusion scheme
was also developed to provide the essential load side position
estimate. It has been shown that additional care should be
placed to the load side friction in addition to the friction effects
on the motor side. Experimental results demonstrated the
effectiveness of the proposed scheme to achieve the ultimate
objective of enhancing load side performance.

Note that the proposed method was still focused on a
single-joint indirect drive mechanism. For the extension to the
indirect drive train with multiple joints (such as the multi-
joint robot manipulator), the robot dynamic and kinematic
models will be needed to decouple the problem into the joint
level to apply the proposed method for friction compensation.
Motivated by this, we have developed a joint state estimation
algorithm in [33] and decoupled the control problem into the
joint level for dual-stage iterative learning control in [34].
However, the real-time application of the proposed friction
compensation method to the multi-joint robot is still among
our future work.
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